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Abstract
In this paper we continue the study of stratifying systems, which were introduced by K. Erdmann
and C. Sáenz in [Comm. Algebra 31 (7) (2003) 3429–3446]. We show that this new concept provides
a categorical generalization of the ∆-modules for a standardly stratified algebra.
 2004 Elsevier Inc. All rights reserved.
Introduction
The algebras to be considered in this paper are basic finite dimensional algebras over
an algebraically closed field k. We denote by modR the category of finitely generated left
R-modules over an algebra R, and D : modR → modRop is the usual duality Homk(−, k).
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and g by gf which is a morphism from M to L.
Given a class C of R-modules, we denote by F(C) the full subcategory of modR con-
taining the zero module and all modules which are filtered by modules in C . That is, a
non-zero R-module M belongs to F(C), if there is a finite chain
0 = M0 ⊆ M1 ⊆ · · · ⊆ Mm = M
of submodules of M such that Mi/Mi−1 is isomorphic to a module in C for all i =
1,2, . . . ,m. In particular, if C = ∅ then F(C) = {0}. It is easy to see that F(C) is closed
under extensions. In general, F(C) fails to be closed under direct summands, see [7]. Let
X and Y be full subcategories of modR. We say that ExtiR(X ,Y) = 0, if ExtiR(X,Y ) = 0
for any X ∈X and Y ∈ Y .
Other categories related with F(C) are the following:
I(C) = {X ∈ modR: Ext1R
(F(C),X)= 0},
P(C)= {X ∈ modR: Ext1R
(
X,F(C))= 0}.
In [3], K. Erdmann and C. Sáenz introduced the concept of stratifying system (θ,Y ,)
of size t , where θ = {θ(i)}ti=1 is a set of non-zero R-modules, and Y = {Y (i)}ti=1 is a set of
indecomposable R-modules in I(θ) ∩F(θ) satisfying certain conditions related to a total
order  given on the set Ωt = {1,2, . . . , t}. They showed that the algebra A = End(RY ) is
standardly stratified, where RY =∐ti=1 Y (i) and also that, for any R-module M in F(θ)
the filtration multiplicities [M : θ(i)] do not depend on a given filtration of M in θ . The
R-modules in the set θ will be called relative simple modules of F(θ). Observe that the
relative simple modules have not proper submodules in F(θ). The modules in the set Y
will be called indecomposable relative injective modules of F(θ).
This paper is the first part of a series of two papers. In this one we will study stratifying
systems via the set θ of relative simple modules and in the second one via the set of relative
projective modules of F(θ), see [5].
The paper is organized as follows. In Section 1 we collect some preliminary facts needed
later in the paper, which can be found for instance in [1,3,4,7]. Then we give an equivalent
definition of a stratifying system (θ,Y ,) of size t , which depends only on the set θ =
{θ(i)}ti=1. We also point out that the category F(θ) is closed under direct summands and
is a functorially finite subcategory of modR.
In Section 2 we consider the full subcategories F(θ), I(θ) and P(θ) of modR and
prove that F(θ) ∩ I(θ) = addY . Moreover, we prove that the category add AT is equiva-
lent to the categoryF(θ)∩P(θ), where AT is the characteristic tilting A-module associated
to the standardly stratified algebra A = End(RY ). We also show that the concept of a strat-
ifying system generalizes the concept of the standard modules for a standardly stratified
algebra and we use our data to show that the determinant of the Cartan matrix of a stan-
dardly stratified algebra is not zero.
In Section 3 we study stratifying systems (θ,Y ,) in connection with Y being a gener-
alized tilting R-module.
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Let R be an algebra, θ = {θ(i)}ti=1 be a set of R-modules, and Ωt = {1,2, . . . , t}. We
will consider a total order  on the set Ωt and we denote by  (respectively op) the
natural (opposite natural) total order on Ωt . It is well known that there is a unique isomor-
phism ωt : (Ωt,) → (Ωt ,) of ordered sets. Throughout the paper we will also make use
of the isomorphism σt : (Ωt ,) → (Ωt ,op) of ordered sets given by σt (i)= t − i + 1.
Recall that the category F(θ) is the category of R-modules which have a θ -filtration.
We start this section by recalling the definition of a stratifying system (θ,Y ,) of size t
and then we give a characterization of it, which depends only on the system (θ,). We
also collect some facts from [1,3,4,7] that will be used later in the paper. At the end of this
section we show that for any stratifying system (θ,Y ,) the categoryF(θ) is closed under
direct summands and therefore it is a functorially finite subcategory of modR (see [7]).
Definition 1.1 [3]. Let θ = {θ(i)}ti=1 be a set of non-zero R-modules and Y = {Y (i)}ti=1 be
a set of indecomposable R-modules. The system (θ,Y ,) is a stratifying system of size t ,
if the following three conditions hold:
(1) HomR(θ(j), θ(i))= 0 for j  i ,
(2) For each i ∈ Ωt there is an exact sequence 0 → θ(i) αi→ Y (i) → Z(i) → 0 such that
Z(i) ∈F({θ(j): j ≺ i}),
(3) Ext1R(F(θ), Y ) = 0, where Y =
∐t
i=1 Y (i).
Let M ∈ F(θ). We denote by θ (M) the sum ∑ti=1[M : θ(i)] and call it the θ -length
of M . Observe that the set Y = {Y (1), . . . , Y (t)} of a given stratifying system (θ,Y ,)
consists of pairwise non-isomorphic R-modules. In fact, if i ≺ j then [Y (i) : θ(j)] = 0 and
[Y (j) : θ(j)] = 1. Therefore, the algebra A = End(∐ti=1 Y (i)) is basic and the number of
simple A-modules (up to isomorphism) is equal to t .
From the following lemma we obtain the uniqueness of the R-morphism αi : θ(i) →
Y (i) given in 1.1.
Lemma 1.2. Let αi : θ(i) → Y (i) be the R-morphism given in 1.1. Then αi is the left
minimal I(θ)-approximation of θ(i).
Proof. Since Y (i) is indecomposable it follows that αi is left minimal. To prove that
αi is left I(θ)-approximation we consider the exact sequence given in 1.1 and apply
to it the functor HomR(−,X) with X ∈ I(θ). So the result follows from the fact that
Ext1R(Z(i),X) = 0. 
Definition 1.3. Let (θ,Y ,) and (θ ′, Y ′,) be two stratifying systems of size t , and let
αi : θ(i) → Y (i) and α′i : θ ′(i) → Y ′(i) be the left minimal I(θ)-approximations of θ(i)
and θ ′(i) respectively.
A morphism f : (θ,Y ,) → (θ ′, Y ′,) is a set of morphisms f = {f1(i), f2(i)}ti=1,
where f1(i) : θ(i)→ θ ′(i) and f2(i) :Y (i) → Y ′(i) are R-morphisms such that f2(i)αi =
α′f1(i), for all i = 1, . . . , t .i
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f1(i) and f2(i) are R-isomorphisms for any i .
Proposition 1.4. Let (θ,Y ,) and (θ,Y ′,) be stratifying systems of size t . Then
for each i = 1, . . . , t , there exists a R-isomorphism fi :Y (i) → Y ′(i), such that f =
{1θ(i), fi}ti=1 : (θ,Y ,) → (θ,Y ′,) is an isomorphism of stratifying systems.
Proof. Let αi : θ(i) → Y (i) and α′i : θ(i)→ Y ′(i) be the left-minimal I(θ)-approximations
of θ(i) and θ ′(i) respectively. Hence, there exist R-morphisms fi :Y (i) → Y ′(i),
gi :Y
′(i) → Y (i) such that fiαi = α′i and giα′i = αi for all i = 1,2, . . . , t . Therefore,
using that αi and α′i are left-minimal we get that figi and gifi are isomorphisms for all
i = 1,2, . . . , t , proving the result. 
We will make use of the following result, which appears in [3], in order to give a char-
acterization of stratifying systems depending only on the set of relative simple modules.
This characterization can be taken as an alternative definition of stratifying systems.
Proposition 1.5 [3]. Given a set θ = {θ(i)}ti=1 of non-zero R-modules and a total order 
on the set Ωt , the following conditions (a) and (b) are equivalent.
(a) There exists a set of indecomposable R-modules Y = {Y (i)}ti=1 such that (θ,Y ,) is
a stratifying system of size t .
(b) The set θ satisfies the following conditions:
(i) HomR(θ(j), θ(i))= 0 for j  i ,
(ii) Ext1R(θ(j), θ(i))= 0, for j  i ,
(iii) θ(i) is indecomposable, for all i = 1,2, . . . , t .
As consequence of 1.5 and 1.4, we state now the promised characterization of stratifying
systems.
Characterization 1.6. A stratifying system (θ,) of size t consists of a set θ = {θ(i)}ti=1
of indecomposable R-modules and a total order  on the set Ωt satisfying the following
conditions:
(i) HomR(θ(j), θ(i))= 0 for j  i ,
(ii) Ext1R(θ(j), θ(i))= 0, for j  i .
Definition 1.7. A stratifying system (θ,) is standard if RR ∈ F(θ). Dually, we say that
(θ,) is costandard if D(RR) ∈F(θ).
Next we fix the following notation. Let A be an algebra and {ε1, ε2, . . . , εt } be a com-
plete set of primitive orthogonal idempotents. We denote by Pi = Aεi the indecomposable
projective A-module corresponding to εi and by Si the simple A-module top of Pi for
i = 1, . . . , t . The standard A-module A∆(i) is by definition the maximal quotient of Pi
with composition factors only amongst Sj with j  i . We shall denote by A∆ the set of all
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get that (A∆,) is always a stratifying system of size t .
It is well known, see [2,4,7], that the categoryF(A∆) is a functorially finite subcategory
of modA, closed under direct summands and kernels of surjections.
Dually, we have the notion of costandard A-modules. Let Ii be the injective envelope
of the simple A-module Si . The costandard A-module A∇(i) is the maximal submodule
of Ii with composition factors only amongst Sj with j  i . We denote by A∇ the set of
all costandard modules. Using the definition of costandard modules it can be proved that
(A∇,op) is always a stratifying system of size t .
Note that the stratifying system (A∆,) is standard if and only if A is a standardly
stratified algebra with the same order of the simple modules. Recall that the standardly
stratified algebra A is called quasi-hereditary if dimk End(A∆(i))= 1 for any i .
By duality arguments, it can be proved that (A∆,) is standard if and only if
(A∇op,op) is costandard.
We recall that an A-module T is a generalized tilting A-module if the following three
conditions hold:
(a) T has finite projective dimension,
(b) ExtiA(T ,T ) = 0 for all i > 0, and
(c) there exists an exact sequence 0 →A A → T0 → T1 → ·· · → Tm → 0 with Tj ∈ addT
for all j , where addT is the full subcategory of modA whose objects are direct sums
of direct summands of T .
Let X be a full subcategory of modA closed under extensions and SX the set of exact
sequences in modA with terms in X . The pair (X ,SX ) is an exact subcategory of modA.
Let (X ,SX ) and (Y,SY ) be exact subcategories of modA and modA′ respectively. An
additive functor H :X → Y is said to be an exact functor if H(SX ) ⊆ SY .
The following result shows that if the stratifying system (A∆,) is standard then there
is a distinguished generalized tilting A-module T . Henceforth T will be called the charac-
teristic tilting A-module associated to the standard stratifying system (A∆,).
Theorem 1.8 [1,4,7]. Let A be an algebra and assume that (A∆,) is standard of size t.
Then there is a basic generalized tilting A-module T such that F(A∆) ∩ I(A∆) = addT .
Moreover, if A′ = End(AT ) then following statements hold:
(i) T =∐ti=1 T (i), where T (i) is indecomposable and for each i there is an exact se-
quence 0 →A∆(i)→ T (i) → X(i)→ 0 with X(i) ∈F({A∆(j): j < i}),
(ii) let {ε′1, ε′2, . . . , ε′t } be a complete set of primitive orthogonal idempotents of A′ such
that A′ε′i  HomA(T (σt (i)), T ) for any i . Then A′∆(i)  HomA(A∆(σt (i)), T ) for
each i = 1,2, . . . , t . Furthermore the stratifying system (A′∆,) is standard.
(iii) the functor HomA(−, T ) :F(A∆) →F(A′∆) is an exact duality.
(iv) F(A∆)∩P(A∆) = add AA.
In the next theorem, we will collect some facts from [3]. Let R be an algebra, (θ,Y ,)
be a stratifying system of size t and A = End(RY ), where Y =∐ti=1 Y (i). Let F be the
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modR, and {ε1, ε2, . . . , εt } be a complete set of primitive orthogonal idempotents of A
such that Aεi  F(Y (ω−1t σt (i))) for all i = 1,2, . . . , t , where ωt : (Ωt ,) → (Ωt ,) and
σt : (Ωt ,) → (Ωt ,op) are the unique isomorphism of ordered sets.
Since F(F(θ)) ⊆ F(A∆) and G(F(A∆)) ⊆ F(θ), we will denote also by F and G the
functors F |F(θ) and G|F(A∆) respectively.
Theorem 1.9 [3]. Let (θ,Y ,) be a stratifying system of size t, and let F and G be the
functors defined above. Then:
(i) the functors F :F(θ)→F(A∆) and G :F(A∆) →F(θ) are inverse exact dualities,
(ii) F(θ(ω−1t σt (i)))  A∆(i), for all i = 1,2, . . . , t,
(iii) the stratifying system (A∆,) is standard,
(iv) for any X ∈ F(θ), there is an exact sequence 0 → X → Y0 → Y1 → ·· · → Yk → 0,
where Yi ∈ addY and k < t ,
(v) The determinant of the Cartan Matrix CA of A is given by the formula detCA =∏t
i=1 dimk End(Rθ(i)).
As a consequence of 1.9 we get the following result, which shows that the relative
injective modules determine the relative simple modules.
Proposition 1.10. Let (θ ′, Y ,) and (θ,Y ,) be stratifying systems of size t . Then, there
exists an isomorphism of stratifying systems f : (θ ′, Y ,) → (θ,Y ,).
Proof. By 1.9 we know that the functor F ′ = F |F(θ ′) : F(θ ′) → F(A∆) induces an iso-
morphism
F(βi) :F
(
θ(i)
) ∼→ F (θ ′(i)) for any i.
Let αi : θ(i) → Y (i) and α′i : θ ′(i) → Y (i) be the R-morphisms given in 1.1. By 1.2 we
know that αi and α′i are left-minimal. Then the A-morphisms
F
(
Y (i)
) F(βi)F (αi)−−−−−−−→ F (θ ′(i)) and F (Y (i)) F(α
′
i )−−−−−→ F (θ ′(i))
are right-minimal for all i = 1,2, . . . , t . Hence there is an A-isomorphism F(fi) :F(Y (i))
→ F(Y (i)) such that F(βi)F (αi) = F(α′i )F (fi) for each i . Therefore f = {βi, fi}ti=1 :
(θ ′, Y ,) → (θ,Y ,) is an isomorphism. 
Observe that Ringel gives in Section 1 of [7] an example, which shows that conditions
(ii) and (iii) of 1.5 are not enough for F(θ) to be closed under direct summands. The
following corollary gives sufficient conditions to obtain this fact.
Corollary 1.11. For any stratifying system (θ,) the category F(θ) is a functorially finite
subcategory of modR which is closed under direct summands.
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summands, we get that F(θ) is also closed under direct summands. The result follows now
by Corollary 1 in [7]. 
2. Stratifying systems
Let (θ,Y ,) be a stratifying system of size t , Y = ∐ti=1 Y (i), A = End(RY ) and
AT be the characteristic tilting A-module associated to the standardly stratified algebra
A = End(RY ). In this section we prove thatF(θ)∩I(θ) = addY and also that the category
F(θ)∩P(θ) corresponds to the category addAT , under the duality F = HomR(−, RYAop).
Finally, we give conditions for a stratifying system of size t to be isomorphic to the stan-
dard stratifying system (R∆,) and prove that the determinant of the Cartan matrix of a
standardly stratified algebra R is non-zero.
In the following proposition we shall prove that, for a given algebra R, there is always
a stratifying system of size t in modR for any t  n, where n is the number of simple
R-modules (up to isomorphism).
Proposition 2.1. Let R be an algebra, {e1, e2, . . . , en} be a complete set of primitive or-
thogonal idempotents of R, and let R∆t = {R∆(j): j  t}. Then:
(a) (R∆t ,) is a stratifying system of size t , for any t  n.
(b) Let (R∆,) be standard, and let RT = ∐ni=1 T (i) be the indecomposable decom-
position, given in 1.8, of the characteristic tilting R-module. Then (R∆t , Tt ,) is a
stratifying system of size t for any t  n, where Tt = {T (j): j  t}.
Proof. (a) follows from the fact that (R∆,) is a stratifying system (see 1.2 and 1.3 in
[2]). And (b) is a consequence of 1.8. 
We also state the dual result:
Proposition 2.2. Let R be an algebra, {e1, e2, . . . , en} be a complete set of primitive or-
thogonal idempotents of R, and let R∇t = {R∇(j): j op t}. Then:
(a) (R∇t ,op) is a stratifying system of size σn(t) for any t  n.
(b) Let (R∇,op) be costandard and RI =∐ni=1 Ii , where Ii is the injective envelope of
the simple module Si for each 1 i  n. Then (R∇t , It ,op) is a stratifying system of
size σn(t) for any t  n, where It = {Ij : j op t}.
The following theorem gives necessarily and sufficient conditions on a set of inde-
composable modules Y for the existence of a stratifying system (θ,Y ,). We recall that
ωt : (Ωt ,) → (Ωt ,) and σt : (Ωt,) → (Ωt ,op) are the unique isomorphism of or-
dered sets, where Ωt = {1,2, . . . , t}.
Theorem 2.3. Let Y = {Y (i)}ti=1 be a set of pairwise non-isomorphic indecomposable
R-modules, Y = ∐ti=1 Y (i), A = End(RY ), and  be a total order on Ωt . We fix a
E.N. Marcos et al. / Journal of Algebra 280 (2004) 472–487 479complete set {ε1, ε2, . . . , εt } of primitive orthogonal idempotents of A such that Aεi 
HomR(Y (ω−1t σt (i)), RYAop) for each i = 1,2, . . . , t . Then the following statements (1)
and (2) are equivalent:
(1) (a) the stratifying system (A∆,) is standard and Ext1A(F(A∆),AY ) = 0,
(b) there is a full subcategory A of modR, closed under extensions, such that Y (i) ∈
A for each i = 1,2, . . . , t and Ext1R(A, RY ) = 0,
(c) the functors F = HomR(−, RYAop) :A → F(A∆) and G = HomA(−, RYAop) :
F(A∆) →A are inverse exact dualities.
(2) There exists a family of R-modules θ = {θ(i)}ti=1 such that (θ,Y ,) is a stratifying
system.
Proof. Assume that (1) holds and let µ := ω−1t σt . We define θ(i) := G(A∆(µ−1(i))) for
each i and we shall prove that (θ,Y ,) is a stratifying system.
Let j  i . Then µ−1(j) < µ−1(i) and therefore we get HomR(θ(j), θ(i)) 
HomA(A∆(µ−1(i)), A∆(µ−1(j))) = 0. So the first condition of 1.1 holds. For the second
condition we fix i and we consider the exact sequence
0 → U(µ−1(i))→ Aεµ−1(i) → A∆
(
µ−1(i)
)→ 0, (∗)
where U(µ−1(i)) is the sum of the images of all morphisms Aεµ−1(j) → Aεµ−1(i) with
µ−1(j) > µ−1(i) (see 1.1 in [2]). Since (A∆,) is standard we get that
U
(
µ−1(i)
) ∈F({A∆
(
µ−1(j)
)
: µ−1(j) > µ−1(i)
})= F({A∆
(
µ−1(j)
)
: j ≺ i}).
Applying the functor G to (∗) we obtain the exact sequence
0 → θ(i) → Y (i) → G(U(µ−1(i)))→ 0, (∗∗)
and by induction on the A∆-length of U(µ−1(i)) we get that G(U(µ−1(i))) ∈ F({θ(j):
j ≺ i}). Hence, the sequence (∗∗) satisfies the condition (2) of 1.1.
Finally, to see that Ext1R(F(θ), Y ) = 0 it is enough to prove thatF(θ) ⊆A. This follows
from the hypothesis thatA is closed under extensions and θ(i) ∈A for each i = 1,2, . . . , t .
Now we show that statement (2) implies (1). This implication is a consequence of
1.9, where we take F(θ) = A and the fact that Ext1A(F(A∆),AY ) = 0 (see Theorem 1.6
in [3]). 
We observe that the category A satisfying the conditions given in 2.3 is uniquely deter-
mined by the family Y . MoreoverA=F(θ), where θ(i) = G(A∆(σ−1t ωt (i))) for any i .
For a standardly stratified algebra A we have that the characteristic tilting A-module T
satisfies F(A∆)∩ I(A∆) = addT . The following result is a generalization of this fact.
Theorem 2.4. If (θ,Y ,) is a stratifying system of size t then F(θ)∩I(θ) = addY , where
Y =∐ti=1 Y (i).
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I(θ). Next we prove thatF(θ)∩I(θ) ⊆ addY . Let N ∈F(θ)∩I(θ) be an indecomposable
R-module, and let
0 → M ′ → L′ → F(N) → 0, (∗)
be a short exact sequence in F(A∆). Using the duality F given in 1.9 we know that there
exist M and L in F(θ) such that the sequence (∗) has the form 0 → F(M) → F(L) →
F(N) → 0. Then using the functor G giving in 1.9 and the exact sequence (∗) we get
that the sequence 0 → N → L → M → 0 is exact. This sequence splits because N ∈
I(θ) ∩F(θ) and M ∈F(θ). Hence the exact sequence (∗) splits. Thus F(N) ∈ F(A∆) ∩
P(A∆) = add AA because (A∆,) is a standard stratifying system (see 1.8(iv)). Therefore
F(N)  F(Y (i)) for some i and so N  Y (i), since F is a duality. 
Theorem 2.5. Let (θ,Y ,) be a stratifying system of size t and A = End(RY ), where
Y =∐ti=1 Y (i). If AT is the characteristic tilting A-module associated to (A∆,) (see
1.9), then X ∈F(θ)∩P(θ) if and only if F(X) = HomR(X,RYAop) ∈ add AT .
Proof. By 1.9, the functors F and G preserve exact sequences in F(θ) and in F(A∆) re-
spectively, and both categories are closed by extensions. So there is a natural isomorphism
of abelian groups from Ext1R(M,N) to Ext
1
A(F (N),F (M)) given by [η] → [F(η)]. There-
fore, Ext1R(X,F(θ)) = 0 if and only if Ext1A(F(A∆),F (X)) = 0 and this last condition is
equivalent to F(X) ∈F(A∆)∩ I(A∆) = addAT . 
The next theorem gives necessarily and sufficient conditions for the set θ of a standard
stratifying system (θ,Y ,) to coincide with the set of ∆-modules of a standardly stratified
algebra R. To do that, we will fix a complete set of primitive orthogonal idempotents
of A = End(RY ) and A′ = End(AT ) respectively, as we did in 1.8 and 1.9. We recall
that ωt : (Ωt,) → (Ωt ,) and σt : (Ωt ,) → (Ωt ,op) are the unique isomorphism of
ordered sets, where Ωt = {1,2, . . . , t}.
Theorem 2.6. Let R be an algebra, (θ,Y ,) be a stratifying system of size t , A = End(RY )
with Y =∐ti=1 Y (i), and AT be the characteristic tilting A-module associated to (A∆,).
Then the following conditions are equivalent:
(a) F(θ) is closed under kernels of surjections and (θ,) is standard,
(b) F(θ)∩P(θ) = addRR,
(c) the stratifying system (θ,) is standard and t is the number of non-isomorphic simple
R-modules.
(d) R  End(AY ) and AYRop  ATRop ,
(e) there is a complete set of primitive orthogonal idempotents {e1, e2, . . . , et } of R, such
that R∆(i) θ(ω−1t (i)) for any i = 1,2, . . . , t , and R is a standardly stratified algebra
with the given ordering of the simple R-modules.
E.N. Marcos et al. / Journal of Algebra 280 (2004) 472–487 481Proof. (a) ⇒ (b). Let X ∈F(θ)∩P(θ) be indecomposable and let f :P0(X) → X be the
projective cover of X. Since RR ∈F(θ) we have that P0(X) ∈F(θ). Therefore, the exact
sequence
0 → Kerf → P0(X) → X → 0 (∗)
lies inF(θ), sinceF(θ) is closed under kernels of surjections. Using the fact that X ∈P(θ)
we obtain that (∗) splits. Hence X is a projective R-module, proving that F(θ) ∩P(θ) ⊆
addRR. The other inclusion follows from the fact that F(θ) is closed under extensions and
under direct summands (see 1.11).
(b) ⇒ (d). Using 2.5 and the assumptions that F(θ) ∩ P(θ) = addRR and that R
is basic, we get that F(R) = HomR(RRR,RYAop)  ATRop . On the other hand, AYRop 
HomR(R,RYAop) = F(R). Thus AYRop  ATRop . Finally R  GF(R) = HomA(F (R),AY )
 End(AY ).
(d) ⇒ (e). Let A′ = End(AT ) and µ := ω−1t σt . Then by 1.8 and 1.9 we get that A∆(i) 
F(θ(µ(i))) and A′∆(i)  HomA(A∆(σt (i)), T ) for any i . Since (A∆,) is standard we
get that (A′∆,) is standard. On the other hand, R  End(AY )  End(AT ) = A′. Hence
RYAop  A′TAop . Then by 1.8 and 1.9 we get
θ(i) G(A∆
(
µ−1(i)
)) HomA
(
A∆
(
µ−1(i)
)
, A′TAop
) A′∆
(
σ−1t µ−1(i)
)
 R∆
(
σ−1t µ−1(i)
)= R∆
(
ωt (i)
)
for any i , proving that (d) implies (e).
(e) ⇒ (a). Follows from the well known fact that F(R∆) is closed under kernels of
surjections.
(c) ⇒ (b). We have that the number of simple R-modules (up to isomorphism) is equal
to t . On the other hand, the number of indecomposable direct summands of the charac-
teristic tilting A-module AT is equal to t (see 1.8(i) and 1.9(ii)). Then by 2.5 we get that
the number of non-isomorphic indecomposable R-modules in F(θ) ∩ P(θ) is equal to t .
Therefore, using that RR ∈F(θ) we obtain that F(θ)∩P(θ) = addR.
(b) ⇒ (c). This follows from the fact that (b) implies (e). 
Remark 2.7.
(a) Let R be an algebra, s the number of simple R-modules up to isomorphism and
(θ,) an stratifying system of size t . If (θ,) is standard then s  t . Indeed, let
P1,P2, . . . ,Ps be the non-isomorphic indecomposable projective R-modules. Since⊕t
i=1 Pi ∈F(θ) we get for each i an exact sequence in F(θ)
0 → Kerβi → Pi βi−→ θ(ki) → 0.
The morphism βi is right-minimal, since Pi is indecomposable. Hence the map
β : {Pi : 1 i  s} → θ defined by Pi → θ(ki) is an injection, proving that s  t .
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and I is the ideal generated by βγ . Taking θ(1) = S(1) = R∆(1) = P(1), θ(2) =
R∆(2) = P(2), θ(3) = R∆(3) = P(3), θ(4)= R∆(4) = P(4) = I (2) and θ(5) = S(4),
we get that the stratifying system (θ,) is standard of size 5, whereas the canonical
stratifying system (R∆,) is standard of size 4.
The following result was also obtained by C. Xi, see Theorem 4.5 in [4]. To state it
we shall consider, as in 1.8, the indecomposable decomposition RT =∐ti=1 RT (i) of the
characteristic tilting R-module RT associated to the standard stratifying system (R∆,)
of size t . We fix a complete set {ε1, ε2, . . . , εt } of primitive orthogonal idempotents of
A = End(RT ) such that Aεi  HomR(RT (σt (i)), RTAop) for any i .
Corollary 2.8. Let R be a standardly stratified algebra and RT be the characteristic tilting
R-module associated to (R∆,). Let A = End(RT ) and AT ′ be the characteristic tilting
A-module associated to (A∆,). Then R  End(AT ′) and AT ′Rop  ATRop .
Proof. Since the stratifying system (R∆,RT ,) is standard (see 2.1) we obtain by 1.8 that
the stratifying system (A∆,AT ′,) is standard. Then the result follows now from the items
(d) and (e) of the previous theorem. 
Let R be an standardly stratified algebra. The following corollary allows us to compute
the determinant of the Cartan matrix CR and shows that it is non-zero. We also get that
detCR = 1 is equivalent to the fact that R is quasi-hereditary.
We recall that CR(ij) := dimk HomR(Rei,Rej ), where {e1, e2, . . . , et } is a complete
set of primitive orthogonal idempotents of R.
Corollary 2.9. If the stratifying system (R∆,) is standard of size t and CR is the Cartan
matrix of R, then detCR =∏ti=1 dimk End(R∆(i)).
Proof. The result follows from 1.9(v) and the previous corollary. 
Corollary 2.10. Let (R∆,) be standard. Then R is quasi-hereditary if and only if
detCR = 1.
Proof. The result follows from 2.9. 
3. Finite projective dimension
Let R be an algebra. For any R-module M we denote by pdM the projective dimension
of M . We introduce the following well known full subcategories of modR:
Pt (R) = {M ∈ modR: pdM  t} and P<∞(R) =
⋃
Pt (R).
t0
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whose objects are the R-modules having a finite C-coresolution. That is, X ∈ C∨ if there
is a long exact sequence 0 → X → X0 → X1 → ·· · → Xm → 0 with Xi ∈ C for all
i = 0,1, . . . ,m. We denote by PR/F(R∆) the full subcategory of modR having as objects
the R-modules M such that there is an exact sequence 0 → X → P → M → 0, where
X ∈ F(R∆) and P is a projective R-module. In this section we study standard stratifying
systems (θ,Y ,) in connection with Y being a generalized tilting R-module. We give an
example where F(θ) = (addY )∨ even when by 1.9(iv) we know that F(θ) ⊆ (addY )∨.
Moreover, if A = End(RY ) and F(A∆) = P<∞(A) we prove that F(θ) = (addY )∨,
and from this fact we obtain the following result: if T is an indecomposable R-module
such that Ext1R(T ,T ) = 0 then addT = (addT )∨. We recall that ωt : (Ωt,) → (Ωt ,)
and σt : (Ωt ,) → (Ωt ,op) are the unique isomorphism of ordered sets, where Ωt =
{1,2, . . . , t}.
In the next theorem R is an algebra, (θ,Y ,) is an stratifying system of size t and
Y =∐ti=1 Y (i).
Theorem 3.1. If RY is a generalized tilting R-module and (θ,) is standard then:
(a) there is a set {e1, e2, . . . , et } of primitive orthogonal idempotents of R such that
R∆(i)  θ(ω−1t (i)) for any i = 1,2, . . . , t ,
(b) the stratifying system (R∆,) is standard and t is the number of non-isomorphic sim-
ple R-modules.
Proof. Since RY is a generalized basic tilting R-module we have that the number of non-
isomorphic simple R-modules is equal to t . Then the result follows from items (c) and (e)
of 2.6. 
Corollary 3.2. Let R be an algebra. Then the following conditions are equivalent.
(a) The stratifying system (R∆,) is standard.
(b) There exists a standard stratifying system (θ,Y ,) of size t such that RY is a gener-
alized tilting R-module, where RY =∐ti=1 Y (i).
Proof. (a) ⇒ (b). Let RT =∐ti=1 T (i) be the characteristic tilting R-module associated to
(R∆,), see 1.8. Then by 2.1 we get that (R∆(i), T (i),)ti=1 is a stratifying system.
(b) ⇒ (a). This implication follows from the previous theorem. 
We recall that a full subcategory C of modR is coresolving, if C is closed under exten-
sions, cokernels of injections and D(RR) ∈ C .
The following proposition gives sufficient conditions for an R-module Y to be general-
ized tilting.
Proposition 3.3. Let (θ,Y ,) be a stratifying system of size t and Y =∐ti=1 Y (i). Then:
(a) Ext2R(F(θ),I(θ)) = 0 if and only if I(θ) is coresolving,
(b) if I(θ) is coresolving then Exti (Y,Y ) = 0 for any i > 0,R
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tilting R-module.
Proof. (a) Assume that Ext2R(F(θ),I(θ)) = 0. Let 0 → M → E → N → 0 be an exact
sequence with M,E ∈ I(θ). So we get the exact sequence
Ext1R(X,E) → Ext1R(X,N) → Ext2R(X,M) for any X ∈F(θ).
Since Ext1R(F(θ),E) = 0 and Ext2R(F(θ),M) = 0 we obtain that N ∈ I(θ), proving that
I(θ) is closed under cokernels of injections.
Suppose that I(θ) is coresolving. Let M ∈ F(θ) and N ∈ I(θ). Since I(θ) is core-
solving there exists an exact sequence 0 → N → I0(N) → Ω−1(N) → 0 with Ω−1(N) ∈
I(θ). Therefore Ext2R(M,N)  Ext1R(M,Ω−1(N)) = 0.
(b) Since Y ∈ F(θ) ∩ I(θ) and I(θ) is coresolving we get for any i > 0 the exact
sequence 0 → Y → I0(Y ) → I1(Y ) → ·· · → Ii−1(Y ) → Ω−i (Y ) → 0, where Im(Y ) is an
injective R-module for m = 0,1, . . . , i − 1 and Ω−i (Y ) ∈ I(θ). Therefore Exti+1R (Y,Y ) 
Ext1R(Y,Ω
−i (Y )) = 0.
(c) This item follows from (a), (b) and the fact that RR ∈ F(θ) ⊆ (addY )∨ (see
1.9(iv)). 
Remark 3.4. Observe that Ext2R(F(θ),I(θ)) = 0 if and only if Ext2R(θ,I(θ)) = 0.
We recall that the global dimension of R is defined by gldimR = sup{pdX: X ∈
modR}, and the finitistic dimension of R is fin.dimR = sup{pdX: X ∈ P<∞(R)}.
Theorem 3.5. The algebra R is quasi-hereditary if and only if gldimR < ∞ and there is
a standard stratifying system (θ,) such that Ext2R(F(θ),I(θ)) = 0.
Proof. Recall that an algebra R is quasi-hereditary if and only if R is a standardly stratified
algebra and has finite global dimension (see [1,4]).
Assume that R is quasi-hereditary. Then the stratifying system (R∆,) is standard and
gldimR < ∞. Hence by Theorem 1.6 from [1] we obtain that I(R∆) is coresolving. There-
fore by 3.3(a) we get that Ext2R(F(R∆),I(R∆)) = 0.
For the reverse implication assume that (θ,Y ,) is standard, gldimR < ∞ and
Ext2R(F(θ),I(θ)) = 0. Hence 3.3(c) holds and so RY is a generalized tilting R-module.
The result follows now from 3.2. 
Remark 3.6. Note that the condition Ext2R(F(θ),I(θ)) = 0 generalizes condition (iv) in
[2, Theorem 1].
The following result appears in [1,6]. The two examples, that follow the statement, show
that none of the conclusions hold for a general stratifying system.
Proposition 3.7 [1,6]. Let R be a standardly stratified algebra and RT be the characteristic
tilting R-module associated to (R∆,). Then:
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(b) F(R∆) = (addRT )∨.
Example 3.8. Let R  kQ, where Q is the quiver •1→ •2. Consider the stratifying system
of size 2 given by: θ(1)= Y (1) = I2, and θ(2)= Y (2) = I1. We have the exact sequence
0 → S2 → Y (1) → Y (2) → 0
and the simple S2 /∈ F(θ). This example shows that in general F(θ) = (addY )∨ and that
F(θ) is not necessarily closed under kernels of surjections.
The following example shows that in general F(R∆) fails to be contained in P<∞(R),
if (R∆,) is not standard.
Example 3.9. Let R  kQ/I , where Q is the quiver  •1  •2  and r2 = 0. It can be
seen that A∆(1) /∈ P<∞(R).
In the following three results we shall assume that (θ,Y ,) is a stratifying system of
size t and A = End(RY ), where Y =∐ti=1 Y (i).
Lemma 3.10. If F(A∆) =P<∞(A) then the following statements hold:
(a) if 0 → M → Y0 f→ Y1 → 0 is an exact sequence with Y0, Y1 ∈ addY , then M ∈F(θ),
(b) if 0 → M → Y0 f→ K → 0 is an exact sequence with Y0 ∈ addY , K ∈ F(θ), then
M ∈F(θ).
Proof. We will make use of the functors F and G defined in 1.9.
(a) Let 0 → M → Y0 f→ Y1 → 0 be an exact sequence with Y0, Y1 ∈ addY . Since
Ext1R(Y1, Y ) = 0 we get the exact sequence
0 → F(Y1) F (f )−−→ F(Y0) → F(M) → 0. (∗)
Therefore N = F(M) ∈ P<∞(A) = F(A∆). Applying the functor G to (∗) we obtain the
exact sequence
0 → G(N) → Y0 f→ Y1 → 0.
Hence M  G(N) ∈F(θ).
(b) Let 0 → M → Y0 f→ K → 0 be an exact sequence with Y0 ∈ addY , K ∈ F(θ).
Using that Ext1R(K,Y ) = 0 we get the exact sequence
0 → F(K) F(f )−−→ F(Y0) → F(M) → 0. (∗∗)
486 E.N. Marcos et al. / Journal of Algebra 280 (2004) 472–487Since F(K) ∈F(A∆) = P<∞(A) we have that N = F(M) ∈ P<∞(A) = F(A∆). Apply-
ing the functor G to the exact sequence (∗∗) we obtain an exact sequence
0 → G(N) → Y0 f→ K → 0.
Hence M  G(N) ∈F(θ). 
Corollary 3.11. If F(A∆) =P<∞(A) then F(θ) = (addRY )∨.
Proof. The inclusion F(θ) ⊆ (addRY )∨ follows from 1.9(iv). The other inclusion is a
consequence of the previous lemma. 
Proposition 3.12. If F(θ) = (addRY )∨, Ext1A(P1(A),AY ) = 0 and Ext1A(PA/F(A∆),
AY ) = 0 then F(A∆) =P<∞(A).
Proof. The proof is similar to the one given in the previous corollary and will be omit-
ted. 
The following well known result will be needed to prove the curious Corollary 3.14.
Lemma 3.13. If R is a local algebra then fin.dimR = 0.
Corollary 3.14. If T is an indecomposable R-module such that Ext1R(T ,T ) = 0 then
addT = (addT )∨.
Proof. Let T be an indecomposable R-module such that Ext1R(T ,T ) = 0. Consider the
system θ = {T }, Y = {T }. Then (θ,Y ,) is a stratifying system of size 1. Therefore
F(θ) = addT and A = End(RT ) is a local algebra. We will prove that P<∞(A) =
F(A∆) and then by 3.11 we will get the result. Since A is a local algebra we have
that A∆ = {A∆(1) = AA} and F(A∆) = addAA. On the other hand, by 3.13 we have
P<∞(A) = addAA. Then P<∞(A) =F(A∆), proving the result. 
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